Published by Institute of Physics Publishing for SISSA/ISAS Received: January 17, 2003 Accepted: February 3, 2003

Radiative corrections to neutrino mass matrix in the Standard Model and beyond

Michele Frigerio

INFN, Section of Trieste and International School for Advanced Studies (SISSA) Via Beirut 4, I-34013 Trieste, Italy E-mail: frigerio@he.sissa.it

Alexei Yu. Smirnov

The Abdus Salam International Center for Theoretical Physics (ICTP) I-34100 Trieste, Italy, and Institute for Nuclear Research, Russian Academy of Sciences Moscow, Russia E-mail: smirnov@ictp.trieste.it

Abstract: We study the effect of radiative corrections on the structure of neutrino mass matrix. We analyze the renormalization of the matrix from the electroweak scale m_Z to the scale m_0 at which the effective operator that gives masses to neutrinos is generated. Apart from Standard Model and MSSM, non-standard extensions of SM are considered at a scale m_X intermediate between m_Z and m_0. We find that the dominant structure of the neutrino mass matrix does not change. SM and MSSM corrections produce small (few percents) independent renormalization of each matrix element. Non-standard (flavor changing) corrections can modify strongly small (sub-dominant) matrix elements, which are important for the low energy phenomenology. In particular, we show that all sub-dominant elements can have purely radiative origin, being zero at m_0. The set of non-zero elements at m_0 can be formed by (i) diagonal elements (unit matrix); (ii) M_{ee} and M_{μτ} ; (iii)M_{ee} and μτ-block elements; (iv) μτ-block elements. In the case of unit matrix, both atmospheric and solar mixing angles and mass squared differences are generated radiatively.

Keywords: Renormalization Group, Beyond Standard Model, Neutrino Physics.

© SISSA/ISAS 2003 http://jhep.sissa.it/archive/papers/jhep022003004 /jhep022003004 .pdf

Contents

1. Introduction 1

2. Generation of the neutrino mass matrix and scale m_0 2

3. Renormalization of the mass matrix in the SM (MSSM) 3 3.1 Radiative corrections and observables 5

4. Renormalization of the mass matrix due to new particles 6 4.1 Non-standard Yukawa interactions 6 4.2 Non-universal U(1) gauge interaction 9

5. Radiative generation of the sub-dominant matrix elements 10 5.1 Unit matrix 11 5.2 Dominant M_{ee} and M_{μτ} 13 5.3 Dominant M_{ee} and μτ-block 14 5.4 Dominant μτ-block 15

6. Discussion and conclusions 17

1. Introduction

Experiments on neutrino oscillations [1], neutrinoless 2β decay [2] and tritium β decay [3] give information on neutrino masses and mixing angles. In principle, also CP violating phases can be measured. Using this information, it is possible to reconstruct (at least partially) the Majorana mass matrix of neutrinos at the electroweak scale m_Z .

The origin of the neutrino mass matrix is, most probably, in new physics above a very high scale m_0, where the lepton number is violated. To find the structure of the matrix at m_0, it is necessary to take into account the renormalization effects between m_Z and m_0.

The Renormalization Group Equation (RGE) for the neutrino mass matrix has been extensively studied both in the Standard Model (SM) and Minimal Supersymmetric Standard Model (MSSM) [4]–[9]. The RGE has been also considered, in the context of the see-saw mechanism, for non-degenerate heavy right-handed neutrinos [10]. Low energy threshold corrections have been computed; their effect can be important in the MSSM case [11]. A non-standard source of neutrino masses (operators in the Kähler potential) has been considered in [12] and the corresponding radiative corrections have been studied. The goal of these analyses was to understand how radiative corrections could affect the mass squared differences Δm^2_{ij} and the mixing angles θ_{ij} observed in neutrino oscillation

– 1 – experiments. A general conclusion is that the effect of running is small for hierarchical mass spectra, while, in the case of quasi-degenerate mass spectrum, the observables can be strongly modified by radiative corrections. In particular, in the degenerate case Δm^2_{sol} can have purely radiative origin [13].

Mass squared differences and mixing angles are the outcome of the diagonalization of the mass matrix and it is this matrix the object more closely related to the underlying theory. In contrast with previous studies, we will analyze in detail renormalization effects on the mass matrix structure.

In section 2 we discuss the generation of neutrino mass matrix at the scale m_0. We study first the radiative corrections in SM and MSSM (section 3). Then, we consider other extensions of the SM at some intermediate scale m_X , with m_Z < m_X < m_0 (section 4). We identify the features of the mass matrix which can be explained by radiative corrections. Finally (section 5), we consider four specific matrix structures at m_0: (i) the matrix proportional to the unit; (ii) the matrix with only ee and μτ elements different from zero; (iii) the matrix with non-zero M_{ee} and μτ-block elements; (iv) the matrix with non-zero μτ-block. We will study the predictions for the low energy parameters in the case of standard and non-standard radiative corrections.

2. Generation of the neutrino mass matrix and scale m_0

With the SM fields, one can construct a unique Lorentz and gauge invariant effective five dimensional operator that gives Majorana masses to neutrinos [14]: C_{αβ} m_0

(L^c_α iσ_2 ϕ)(ϕiσ_2L_β) + h.c. (2.1)

Here C_{αβ} are dimensionless couplings, m_0 is the mass scale at which this effective interaction is generated, α, β are flavor indexes, ϕ and L are the SM Higgs and lepton doublets. An analogue operator appears in the case of MSSM (without R-parity violation). After the electroweak symmetry breaking, the operator (2.1) generates the neutrino mass matrix: M_{αβ} = 2C_{αβ} ⟨ϕ^0⟩^2

m_0 . Different possible mechanisms can lead to the effective operator (2.1). One possibility is the exchange of heavy right-handed neutrinos (type-I see-saw [15]). In this case m_0 should be identified with the mass of the lightest right-handed neutrino m_R and one gets C_{αβ} = − m_0 2 (Y_ν M^{−1}_R Y^T_ν )_{αβ} , (2.2)

where Y_ν is the matrix of neutrino Dirac Yukawa couplings and M_R is the Majorana mass matrix of right-handed neutrinos, both evaluated at the scale m_0 = m_R.

Another possibility is to introduce a scalar isotriplet Δ with hypercharge 1 and renormalizable coupling to the SM lepton doublets:

Y_{αβ}L^c_ασ^iL_βΔ_i + h.c. . (2.3)

– 2 –

A heavy triplet (m_Δ ≫ m_Z ) can get a small induced VEV due to the coupling M_{Δϕ}Δ^∗ϕϕ+ h.c. (type-II see-saw [16]):

⟨Δ^0⟩ =

M_{Δϕ}⟨ϕ^0⟩^2 m^2_Δ . If the exchange of the triplet is the dominant contribution to the neutrino mass matrix, m_0 should be identified with m_Δ and C_{αβ} = Y_{αβ} M_{Δϕ} m_0

. (2.4)

The following remarks are in order:

1. The neutrino mass matrix can receive both contributions of the form (2.2) and (2.4).

In this case m_0 = min{m_R, m_Δ}.

2. The running between m_0 = min{m_R, m_Δ} and m̃_0 = max{m_R, m_Δ} can be important for the neutrino mass matrix structure, if N_R and Δ contributions are comparable.

3. There can be a hierarchy among the masses of right-handed neutrinos, so that the operator (2.1) is formed in a large energy interval. Corrections in this interval can be important [10].

The relative size and the structure of the various (N_R, Δ, maybe some other) contributions to the neutrino mass matrix are model-dependent and deserve a separate analysis. In this paper we will study the running below m_0.

3. Renormalization of the mass matrix in the SM (MSSM)

Let us consider, first, the renormalization of the mass matrix when the only particles with mass below m_0 are the SM (MSSM) particles. The β-function of the operator (2.1), β_M ≡ μ^d_{dμ} M, can be written as [4, 5]:

16π^2β^{SM}_M = − 3 2 [ M(Y^†_l Y_l) + (Y^†_l Y_l)^T M ] + K_{SM} M , 16π^2β^{MSSM} M = [ M(Y^†_l Y_l) + (Y^†_l Y_l)^T M ] + K_{MSSM} M , (3.1) where Y_l is the 3 × 3 matrix of charged lepton Yukawa couplings and K_{SM(MSSM)} is a real parameter describing flavor universal radiative corrections.

The flavor non-universal corrections (terms in square brackets in eq. (3.1)) come from two types of diagrams only (figure 1), generated by charged lepton Yukawa couplings: renormalization of the wavefunction of lepton doublets (a) and vertex correction (b). In the SM, the coefficient −3/2 in eq. (3.1) is the sum of a contribution 1/2 from (a) and −2 from (b). In the MSSM, only (a) contributes, due to SUSY non-renormalization, and the coefficient is 1/2 × 2 = 1, where the factor 2 corresponds to the double number of particles with respect to SM.

– 3 –

Figure 1: The flavor non-universal diagrams in the case of SM (MSSM).

In flavor basis, the matrix Y_l is diagonal and it can be made real by reabsorbing the phases in the fields: Y^†_l Y_l = diag(y^2_e , y^2_μ, y^2_τ ) .

Furthermore, y_α, taken real at a certain scale, will remain real during the running [6]. In this basis, the RGE equation for M_{αβ} can be easily integrated, giving [7]:

M_{αβ}(m_Z ) = I_K exp [ −k ∫_{tZ} 0 (y^2_α(t) + y^2_β(t))dt ] M_{αβ} (m_0) , (3.2)

where t_Z ≡ log(m_0/m_Z ) 16π^2 , k = − 3 2 (SM) , k = 1 (MSSM) .

The flavor universal corrections are contained in the prefactor

I_K = exp ( − ∫_{tZ} 0 K(t)dt ) . I_K does not change the structure of the mass matrix and, moreover, the overall renormalization effect is small: I_K ≈ 1. We will consider only 1-loop radiative corrections and therefore neglect the evolution of y_α in eq. (3.2), taking the values of charged lepton Yukawa couplings at the electroweak scale: y_α(t) ≈ y_α(0).

Several important conclusions follow immediately from eq. (3.2):

• In flavor basis, each element of the mass matrix evolves independently from the values of other elements. The value of the element at m_Z is proportional to its value at m_0:

M_{αβ} (m_Z ) ∝ M_{αβ} (m_0) . (3.3)

In particular, elements which are zero at some scale, remain zero at any scale.

• The phases of M_{αβ} do not evolve, because the r.h.s. in eq. (3.2) is real. In contrast, the three physical CP violating phases depend on the moduli of M_{αβ} and therefore can be strongly renormalized. However, if there is no CP violation at some scale (M is real), no CP violation can be induced by radiative corrections at any scale.

– 4 –

• The corrections to matrix elements have opposite sign in SM and MSSM, due to the different sign of k. The same matrix at m_Z will develop different features at the scale m_0 depending on whether low energy supersymmetry is present or not.

Notice that, in principle, SM and MSSM could be discriminated by the ordering of mass eigenvalues: exactly degenerate neutrinos at the scale m_0 could be split into a normal mass spectrum in SM and into an inverted spectrum in MSSM or vice versa, depending on mixings and phases. However, using only SM (MSSM) radiative corrections, it is hard to reproduce data starting with exactly degenerate neutrinos [17]. Also the scenario with only two degenerate neutrinos at high energy has been recently studied [18] and the difference of predictions between SM and MSSM has been analyzed.

The largest flavor dependent contribution to the running in eq. (3.2) is due to the τ Yukawa coupling:

y_τ (m_Z ) = √ 2m_τ v ≈ 10^{−2} (SM) √ 2m_τ v cos β

≈ tan β · 10^{−2} (MSSM)

, (3.4)

where v ≈ 246 GeV is the VEV of the SM Higgs and tan β is the ratio of VEV’s of the two MSSM Higgs doublets. The other Yukawa couplings are much smaller, therefore the largest corrections are for elements which have the τ-flavor. Neglecting y_e and y_μ corrections, eq. (3.2) gives:

M_{τ τ} (m_Z ) ≈ I_K M_{τ τ} (m_0)(1 − 2kϵ_τ ) , M_{eτ} (m_Z ) ≈ I_K M_{eτ} (m_0)(1 − kϵ_τ ) , M_{μτ} (m_Z ) ≈ I_K M_{μτ} (m_0)(1 − kϵ_τ ) ,

where, taking m_0 = 10^n GeV, ϵ_τ ≡ y^2_τ (m_Z ) 16π^2 log m_0 m_Z ≈ 1.5(n − 2)10^{−6} (SM)

≈ 3.5(n − 2)10^{−3} ( tan β 50 )_2 (MSSM)

. (3.5)

The effect of running is apparently very small even for M_{τ τ} .

We conclude that radiative corrections (in SM and MSSM) practically do not change the structure of neutrino mass matrix up to the scale m_0. Zero elements remain zero and non-zero elements acquire very small relative corrections, which are at most few percents. Symmetry properties of the matrix at m_0 are almost unchanged by running to low energy, where the matrix structure can be reconstructed using experimental input for mixing angles and mass eigenvalues, as well as CP violating phases [19, 20]. In other words, the structure of the mass matrix is stable with respect to radiative corrections in SM and MSSM, independently of type of mass ordering (normal or inverted), level of degeneracy, values of mixing angles and CP violating phases.

3.1 Radiative corrections and observables Even though the matrix structure is stable, observables, i.e. the values of the mass differences and the form of the mixing matrix, can be strongly affected by the radiative

– 5 – corrections. There is a number of studies [6]–[9] in which the RGE’s for mixing angles and Δm^2_{ij} have been analyzed and conditions for strong renormalization effects have been identified.

In contrast with previous studies, here we discuss the effect of renormalization on observables in terms of mass matrix. The matrix of corrections can be written as: ΔM ≈ −ϵ_K M^0 − k 2ϵ_eM^0_{ee} (ϵ_e + ϵ_μ)M^0_{eμ} (ϵ_e + ϵ_τ )M^0_{eτ}

. . . 2ϵ_μM^0_{μμ} (ϵ_μ + ϵ_τ )M^0_{μτ} . . . . . . 2ϵ_τ M^0_{τ τ} , (3.6)

where M^0 is the matrix at the scale m_0 and ϵ_{K,e,μ} can be obtained from the expression (3.5), by substituting y^2_τ with K, y^2_e , y^2_μ respectively.

The effect on a given observable depends on how strong is the influence (“imprint”) of this observable on the structure of the matrix. When two eigenstates are almost degenerate in mass, the matrix structure depends very weakly on their mass squared difference Δm^2_{ij} and on the mixing angle θ_{ij} [19, 20]. In other words, Δm^2_{ij} and θ_{ij} are not “imprinted” in the matrix structure. In this case the small radiative corrections (3.6) can strongly modify these observables. Let us give a rough estimation: θ_{ij} and Δm^2_{ij} can receive large radiative corrections if the absolute neutrino mass scale m is large enough to satisfy Δm^2_{ij} ∼ ϵ_τ m^2. Because of the smallness of ϵ_τ , this condition requires quasi-degenerate neutrino masses.

In section 5, we will use eq. (3.6) to discuss the effect of radiative corrections for some particular structures of M^0.

4. Renormalization of the mass matrix due to new particles

It may happen that new physics exists at some intermediate scale m_X in the range m_Z −m_0, which does not contribute to neutrino masses at tree-level but leads to renormalization effects.

4.1 Non-standard Yukawa interactions Let us consider new fermions and scalar bosons, with mass ∼ m_X . We assume that new scalars have zero VEV’s, otherwise they would generate neutrino masses at the scale m_X < m_0. We analyze radiative corrections to the operator (2.1) induced by the couplings of these scalars and fermions to the lepton doublets L_α:

• An extra scalar doublet, ϕ^′, with the coupling

Y^{ϕ′}_{αβ}L_αϕ^′l_{Rβ} + h.c. , (4.1)

contributes to the wavefunction renormalization (diagram analogue to figure 1a). There is no vertex diagram with ϕ^′ in the loop (analogue to figure 1b), because only ϕ enters the operator (2.1).

• An extra scalar singlet ρ or triplet χ can couple with two lepton doublets:

Y^ρ_{αβ} L_αiσ_2L^c_βρ + h.c. , (4.2) Y^χ_{αβ} L_αiσ_2σ^iL^c_βχ_i + h.c. . (4.3)

– 6 –

Figure 2: The diagrams generated by a new scalar singlet ρ or triplet χ (eqs. (4.2), (4.3)).

Figure 3: The diagram generated by a new scalar singlet ρ (triplet χ) and a new fermion doublet D_R (eqs. (4.4), (4.5)).

The renormalization of the operator (2.1) is induced by the two diagrams in figure 2. In the singlet case, the matrix Y is antisymmetric, because L_αiσ_2L^c_β = −L_βiσ_2L^c_α (in the triplet case, Y is symmetric).

• If a new right-handed doublet fermion D_R exists at the scale m_X , ρ and χ can have the following interactions:

Y^{Dρ}_α L_αD_Rρ + h.c. , (4.4) Y^{Dχ}_α L_ασ^iD_Rχ_i + h.c. . (4.5)

In this case there are no vertex corrections, because D_R and ρ (χ) do not enter in the operator (2.1). Only the diagram shown in figure 3 contributes.

• A right-handed fermion singlet S_R, with the Yukawa interaction

Y^S_α L_αϕS_R + h.c. . (4.6)

contributes both to wavefunction and vertex renormalization, as shown in figure 4. The scalar doublet in the diagram 4(a) can be the SM one, ϕ, or some new doublet ϕ^′.

The new chiral fermions (D_R, S_R) can lead to anomalies, however one can consider them as part of new vector-like fermions. The vertex diagrams in figures 2b and 4b give no contributions in the supersymmetric case, because of non-renormalization theorem.

– 7 –

Figure 4: The diagrams generated by a new fermion singlet S_R (eq. (4.6)).

For any of the interactions in eqs. (4.1)–(4.6), the contribution to the β-function of neutrino mass matrix elements can be written as

16π^2(β^Y_M )_{αβ} = k^{(1)}_Y [ M(Y^†Y ) + (Y^†Y )^T M ] αβ + k^{(2)}_Y [ Y M^†Y^T ] αβ . (4.7)

where Y are the new particle Yukawa couplings and the prefactors k^{(i)}_Y depend on the type of particles and interactions considered. The first term in square brackets of eq. (4.7) (analogue to those in eq. (3.1)) corresponds to all diagrams discussed above (analogue to those in figure 1), except the diagram in figure 2b. This diagram generates the second term in square brackets of eq. (4.7). Therefore, k^{(2)}_Y ≠ 0 only for the interactions in eqs. (4.2), (4.3).

Let us emphasize the main differences in the running with respect to SM (MSSM):

• If the matrix Y^†Y (or, in the case of eqs. (4.2), (4.3), the matrix Y ) is not diagonal in flavor basis, the RGE’s for different matrix elements are coupled. A given matrix element receives corrections proportional to other matrix elements; in this way small elements can be modified significantly.

• The size of corrections depends on the size of Yukawa couplings Y . It can be much larger than in SM. In the perturbative regime, Y ≲ 1, the effect can be of the order of few percents, as in MSSM.

• The corrections can be further enhanced if several non-standard multiplets are present. E.g., one can introduce three generations of new particles. In this case corrections can be as large as ∼ 10% of the large matrix elements.

• The size of corrections depends on m_X . Corrections are suppressed for m_X ∼ m_0.

• In all diagrams but figure 2b, only one external lepton leg is involved in flavor changing interactions. As a consequence, a given element M_{αβ} receives contributions proportional to matrix elements in the rows (columns) α and β only. In contrast, if the diagram in figure 2b is present, all matrix elements can contribute to the renormalization of a given element M_{αβ} .

– 8 –

Figure 5: The diagrams generated by a new gauge boson X_μ (eq. (4.9)).

Since radiative effects are small, with a good approximation we can consider only lowest order corrections to matrix elements. Using eq. (4.7), we get: ΔM^Y_{αβ} ≈ − log(m_0/m_X )

16π^2 ( k^{(1)}_Y [ M(Y^†Y ) + (Y^†Y )^T M ] αβ + k^{(2)}_Y [ Y M^†Y^T ] αβ ) . (4.8)

4.2 Non-universal U(1) gauge interaction Let us consider the effect of extra heavy vector bosons X_μ, which have flavor non-universal interactions. These bosons can be related to the existence of horizontal (flavor) gauge symmetries [21].

We restrict ourselves to the case of an extra U(1)_X gauge group. In the flavor basis, the interaction of lepton doublets with the new gauge bosons X_μ has the form

g_X Q_{αβ}L_αγ^μX_μL_β , (4.9)

where g_X is the gauge coupling and Q is the hermitian matrix of “charges”, which can be non-diagonal in flavor basis. The possible anomalies of the extra U(1)_X gauge group can be canceled using the Green-Schwarz mechanism [22].

In figure 5 we show the two 1-loop gauge diagrams that give non-universal radiative corrections to the operator (2.1). Their contribution to the β-function of matrix elements takes the following form:

16π^2(β^X_M )_{αβ} = g^2_X k^{(a)}_X [M Q^2 + (Q^2)^T M]_{αβ} + g^2_X k^{(b)}_X [Q^T M Q]_{αβ} . (4.10)

The first and the second square brackets of eq. (4.10) are the contribution of the diagrams in figure 5a and 5b, respectively. The β-function (4.10) has analogous features to the one in eq. (4.7): the RGE’s of different elements are coupled because of the off-diagonal entries in the matrix Q; the corrections are proportional to the gauge coupling g^2_X and cannot be larger than few percents of the largest element in M. Like in figure 2b, in figure 5b both lepton external legs enter in the loop. As a consequence, a given element M_{αβ} can receive contributions proportional to all matrix elements. In lowest order, corrections can be written as: ΔM^X_{αβ} ≈ − g^2_X log(m_0/m_X ) 16π^2 ( k^{(a)}_X [M Q^2 + (Q^2)^T M]_{αβ} + k^{(b)}_X [Q^T M Q]_{αβ} ) . (4.11)

– 9 –

5. Radiative generation of the sub-dominant matrix elements

The values of mass squared differences and mixing angles, measured in neutrino oscillation experiments [1], are (90% C.L.):

Δm^2_{sol} ≡ Δm^2_{12} = ( 7^{+10}_{−2} ) · 10^{−5}eV^2 , tan^2 θ_{12} = 0.42^{+0.2}_{−0.1} (LMA MSW) ;

Δm^2_{atm} ≡ Δm^2_3 = ( 2.5^{+1.4}_{−0.9} ) · 10^{−3}eV^2 , tan θ_{23} = 1^{+0.35}_{−0.25} ; sin θ_{13} ≲ 0.2 . (5.1)

Using these data, one finds that the neutrino mass matrix in flavor basis can have a hierarchical structure, with some elements much smaller than the others. Small elements are suppressed by factors s_{13}, Δm^2_{sol}/Δm^2_{atm} or, in the case of degenerate spectrum (m_1 ≈ m_2 ≈ m_3), by Δm^2_{atm}/m^2_1. All possible hierarchical structures allowed by the data have been identified in [20].

Non-standard radiative effects can generate non-zero matrix elements even if they are zero at the scale m_0. These elements can receive a radiative contribution up to ∼ 10% of the largest matrix element. In what follows we will consider mass matrices with various hierarchical structures and study the possibility to generate all small elements of these matrices radiatively. It has been found that matrices with three or more exactly zero elements at the scale m_Z cannot reproduce the experimental data [23]. We will show that these matrices, realized at m_0, agree with phenomenology if non-standard radiative corrections are taken into account.

Let us write the neutrino mass matrix with hierarchical structure as

M = M_D + M_S ,

where M_D is the matrix of dominant elements and M_S is the matrix of sub-dominant elements. In general, large matrix elements are the sum of a dominant contribution from M_D and a small correction from M_S . Small matrix elements are contained in M_S only. We assume that, at the high scale m_0,

M(m_0) = M_D(m_0) , M_S (m_0) = 0 (5.2)

and, at the low scale m_Z ,

M(m_Z ) = M_D(m_0) + M_S (m_Z ) , M_S (m_Z ) = M_{rad} , (5.3)

where M_{rad} is the matrix of radiative corrections. In general, M_{rad} can be written as M_{rad} = M_{SM(MSSM)} + M_{NS} , where M_{NS} is the contribution of non-standard corrections. In particular, we will analyze the corrections given by eq. (4.8), assuming k^{(2)}_Y = 0. In this case, M_{rad} can be written as

M_{rad} = λ(XM_D + M_DX^T ) , (5.4)

where X ≡ (Y^†Y )^T , λ ≡ − k^{(1)}_Y 16π^2 log m_0 m_X . (5.5)

– 10 –

The non-standard (flavor changing) couplings Y affect also the evolution of the charged lepton Yukawa coupling matrix Y_l, inducing non-zero off-diagonal entries. As a consequence, flavor basis should be redefined at the scale m_Z through a rotation U_l of charged leptons. Due to the strong hierarchy of charged lepton masses, the mixing angles generated in the charged lepton sector are small, being of the order of radiative corrections themselves: U_l = 1 + U_{rad}. Therefore, the neutrino mass matrix in flavor basis is given by:

M^{fl} = U_l(M_D + M_{rad})U^T_l ≈ M_D + M_{rad} + U_{rad}M_D + M_DU^T_{rad} , (5.6)

where we have neglected terms quadratic in radiative corrections. While the neutrino masses at m_Z can be extracted from M = M_D + M_{rad}, the mixing angles are influenced by U_l rotation and all the terms in eq. (5.6) should be considered.

The term (U_{rad}M_D + M_DU^T_{rad}) in eq. (5.6), describing the effect of charged leptons, has the same structure as M_{rad} in eq. (5.4). Therefore, the effect of rotation to flavor basis amounts to a redefinition: X → X + U_{rad} λ , (5.7)

wheqre X and λ are defined in eq. (5.5). In the following, we will extract some results independent from the form of X.

Let us comment on our assumption of exact zeros at m_0 (see eq. (5.2)). Zero values of matrix elements can be a consequence of certain symmetry at m_0. The radiative contributions to these elements are generated by interactions which break this symmetry. In general, the symmetry breaking leads to finite contributions already at m_0. On the other hand, if some particles producing radiative corrections are light (m_X ≪ m_0), the largest contribution to zero elements is given by the leading logarithms and can be computed by RGE methods in the context of the effective theory. We are discussing here these logarithmic contributions.

In what follows we will consider corrections to different dominant structures M_D.

5.1 Unit matrix

Let us consider the matrix with dominant structure proportional to the unit matrix:

M_D = m diag(1, 1, 1) ≡ m1 . (5.8)

At m_Z , the approximate degeneracy of neutrino masses (m_1 ≈ m_2 ≈ m_3) is broken by Δm^2_{atm} and Δm^2_{sol}. Let us define η ≡ 1 − m_3 m_2 ≈ ± Δm^2_{atm} 2 m^2_1 , ϵ ≡ 1 − m_1 m_2 ≈ Δm^2_{sol} 2m^2_1 , where the sign of η is + for inverted ordering (m_3 < m_2) and − for normal ordering (m_3 > m_2). Taking m_i ≈ 0.3eV (a value allowed by all existing upper bounds [2, 3, 25]), one finds ϵ ≪ η ≲ 5 · 10^{−3}. This means that deviations from M(m_Z ) = m1 can be smaller than 1%.

– 11 –

For simplicity, at m_Z we assume zero Majorana phases, sin θ_{13} = 0 and maximal atmospheric mixing (θ_{23} = π/4). Then, the phenomenological mass matrix can be written as [20]:

M^{ph}(m_Z ) = m_2

1 − ϵc^2_{12} ϵc_{12}s_{12}/ √ 2 −ϵc_{12}s_{12}/ √ 2 . . . 1 − (η + ϵs^2_{12})/2 (−η + ϵs^2_{12})/2 . . . . . . 1 − (η + ϵs^2_{12})/2

, (5.9)

where c_{12} ≡ cos θ_{12} and s_{12} ≡ sin θ_{12}.

Let us consider, first, radiative corrections in the case of SM (MSSM). Substituting the matrix (5.8) in eq. (3.6), it is evident that off-diagonal elements remain zero and, therefore, no mixing is produced. Standard corrections lead to a split among diagonal elements. Using eq. (3.6), one finds that mass squared differences in the range required by phenomenology can be obtained at m_Z in the case of MSSM with large tan β, however one gets the following prediction:

Δm^2_{sol} Δm^2_{atm} ≈ ϵ_μ − ϵ_e ϵ_τ − ϵ_μ ≈ m^2_μ m^2_τ

≈ 3.5 · 10^{−3} .

This ratio is about ten times smaller than the best fit value ≈ 2.5 · 10^{−2}.

Let us consider now radiative corrections which originate from new scalars and fermions (section 4.1). Substituting the matrix (5.8) in eq. (5.4), we get corrections to matrix elements of the following form:

M_{rad} ≈ 2 m λ X_{ee} ReX_{eμ} ReX_{eτ} . . . X_{μμ} ReX_{μτ} . . . . . . X_{τ τ} , (5.10)

where X and λ are defined in eq. (5.5). Since the matrix X is hermitian, the corrections to all matrix elements are real, so that no CP violation is induced in this case.

The corrections to the different elements are related if a specific form of the matrix X is given. We consider an interaction like those in eqs. (4.4)–(4.6). Then, X_{αβ} = Y_αY^∗_β and, defining λ_α ≡ 2λ|Y_α|^2 , c_{αβ} ≡ cos(arg Y_α − arg Y_β) , α = e, μ, τ , (5.11) we get

M(m_Z ) ≡ M_D + M_{rad} = m

1 + λ_e √ λ_eλ_μc_{eμ} √ λ_eλ_τ c_{eτ} . . . 1 + λ_μ √ λ_μλ_τ c_{μτ} . . . . . . 1 + λ_τ . (5.12)

The small parameters λ_α are real and have all the same sign, which is opposite to the sign of k^{(1)}_Y (see eq. (5.5)). The parameters c_{αβ} can vary between −1 and 1, but only two of them are independent.

Before comparing the matrix (5.12) with the phenomenological mass matrix (5.9), one needs to perform an additional rotation U_l. If U_l is real, substituting M_D ∝ 1 in eq. (5.6) we get M^{fl} = M_D + M_{rad} + O(U_{rad}M_{rad}) .

In this case, we can neglect the rotation U_l.

– 12 –

Let us show that the matrix (5.12) can reproduce the matrix (5.9). For simplicity, we take m = m_2. Then, from the condition M_D + M_{rad} = M^{ph}(M_Z ), we find:

λ_e = −ϵc^2_{12} ,

λ_μ = λ_τ = − 1 2 (η + ϵs^2_{12}) ≈ − η 2 , c_{μτ} = η − ϵs^2_{12} η + ϵs^2_{12} ≈ 1 , c_{eμ} = −c_{eτ} = √ ϵ s_{12} √ η + ϵs^2_{12} ≈ √ ϵ η s_{12} . (5.13)

Since λ_e is negative, also λ_μ and λ_τ are negative. This corresponds to inverted mass spectrum (η > 0). To satisfy eq. (5.13), one needs a positive k^{(1)}_Y .

If m is not equal to m_2, other solutions are possible. It turns out that the matrices (5.9) and (5.12) can be equal only if m is one of the three eigenvalues. Requiring m = m_1 ≡ (1 − ϵ)m_2, one gets

λ_e ≈ ϵs^2_{12} , λ_μ = λ_τ ≈ − η 2 , c_{μτ} ≈ 1 , c_{eμ} = −c_{eτ} ≈ √ − ϵ η c_{12} . (5.14)

This corresponds to normal mass spectrum. Requiring m = m_3 ≡ (1 − η)m_2, one gets λ_e ≈ η , λ_μ = λ_τ ≈ η 2 , c_{μτ} = −1 , c_{eμ} = −c_{eτ} ≈ ϵc_{12}s_{12} |η| . (5.15)

This can correspond to both normal and inverted mass spectrum.

5.2 Dominant M_{ee} and M_{μτ}

Let us consider the hierarchical matrix with dominant block given by

M_D = m

1 0 0 0 0 −1 0 −1 0

. (5.16)

For this matrix θ_{23} = π/4, θ_{13} = 0 and the eigenvalues equal (m, m, −m). Substituting the matrix (5.16) in eq. (3.6), one sees that SM (MSSM) radiative corrections generate a solar mass squared difference: Δm^2_{sol} ≈ 2m^2ϵ_τ |k|. However, atmospheric mass squared difference and solar mixing angle remain zero.

We assume that the relative phases among eigenvalues at m_Z are the same as at m_0, that is (1, 1, −1) and also the values of θ_{23} and θ_{13} remain π/4 and 0, respectively. Then, the phenomenological mass matrix is real and can be written as [20]:

M^{ph}(m_Z ) = m_2

1 − ϵc^2_{12} ϵc_{12}s_{12}/ √ 2 −ϵc_{12}s_{12}/ √ 2 . . . (η − ϵs^2_{12})/2 −1 + (η + ϵs^2_{12})/2 . . . . . . (η − ϵs^2_{12})/2 , (5.17)

where ϵ, η, c_{12} and s_{12} are defined as in section 5.1.

– 13 –

Let us study non-standard radiative corrections. Substituting the matrix (5.16) in eq. (5.4), we get

M(m_Z ) ≡ M_D + M_{rad} = m

1 + λ_1 λ_2 −λ^∗_2 . . . λ_3 −1 + λ_4 . . . . . . λ^∗_3 , (5.18)

where, using the definitions in eq. (5.5),

λ_1 = 2λX_{ee} , λ_2 = λ(X_{μe} − X_{eτ} ) , λ_3 = −2λX_{μτ} , λ_4 = −λ(X_{μμ} + X_{τ τ} ) .

To reproduce the phenomenological matrix (5.17) with the matrix (5.18), one needs to take λ_2 and λ_3 real (λ_1 and λ_4 are real by definition, since X is hermitian). Then, assuming for simplicity m = m_2, the equation M(m_Z ) = M^{ph}(m_Z ) leads to the following relations:

tan 2θ_{12} = 2 √ 2λ_2 λ_3 − λ_1 − λ_4

, η = λ_3 + λ_4 , ϵ = λ_4 − λ_1 − λ_3 . (5.19)

Let us consider the specific form X_{αβ} = Y_αY^∗_β , where Y_α are non-standard Yukawa couplings. In general, before a comparison with eq. (5.17), this form of X should be modified as in eq. (5.7). Assuming that the effect of this redefinition is very small or can be reabsorbed in a redefinition of Y_α, one can express the equality M(m_Z ) = M^{ph}(m_Z ) in terms of the parameters defined in eq. (5.11). In particular, the equality of matrices is realized for m = m_3 and the same values of parameters as in eq. (5.15).

Non-standard radiative corrections to the matrix (5.16) has been discussed also in [26], in connection with a non-abelian discrete symmetry that leads to the matrix (5.16) at high energy.

5.3 Dominant M_{ee} and μτ-block

Let us assume that the matrix with dominant block at the scale m_0 is given by

M_D = m

1 0 0 0 1/2 −1/2 0 −1/2 1/2

. (5.20)

This matrix leads to θ_{23} = π/4, θ_{13} = 0 and the eigenvalues equal (m, m, 0). It corresponds to inverted mass spectrum. The SM (MSSM) radiative corrections do not generate 1 − 2 mixing because the zero elements M_{eμ} and M_{eτ} are not modified by these corrections.

Let us consider the phenomenological mass matrix with the dominant block structure (5.20). We assume, for simplicity, m_3 = arg(m_1/m_2) = θ_{13} = 0 and θ_{23} = π/4. Then, the matrix can be written as [20]:

M^{ph}(m_Z ) = m_2

1 − ϵc^2_{12} ϵc_{12}s_{12}/ √ 2 −ϵc_{12}s_{12}/ √ 2 . . . (1 − ϵs^2_{12})/2 −(1 − ϵs^2_{12})/2 . . . . . . (1 − ϵs^2_{12})/2

, (5.21)

where m_2 = √ Δm^2_{atm} ≈ 0.05eV and ϵ ≈ Δm^2_{sol}/(2Δm^2_{atm}) ≈ 0.01.

– 14 –

Let us study non-standard radiative corrections. Substituting the matrix (5.20) in eq. (5.4) and requiring M_{eμ} = −M_{eτ} and M_{μμ} = M_{τ τ} (necessary to reproduce the matrix (5.21)), we get

M(m_Z ) ≡ M_D + M_{rad} = m

1 + λ_1 λ_2 −λ_2 . . . 1/2 + λ_3 −1/2 − λ_3 . . . . . . 1/2 + λ_3 , (5.22)

where, using the definitions in eq. (5.5),

λ_1 = 2λX_{ee} , λ_2 = 2λReX_{eμ} , λ_3 = λ(X_{μμ} − X_{μτ} ) .

Then, assuming for simplicity m = m_2, the equation M(m_Z ) = M^{ph}(m_Z ) leads to the following relations:

λ_2 = √ λ_1λ_3 , tan^2 θ_{12} =

2λ_3 λ_1

, ϵ = −λ_1 − 2λ_3 . (5.23)

If the matrix X has the specific form X_{αβ} = Y_αY^∗_β , one can express the equality M(m_Z ) = M^{ph}(m_Z ) in terms of the parameters defined in eq. (5.11). For m = m_2, we get:

λ_e = −ϵc^2_{12} , λ_μ = λ_τ = − ϵs^2_{12} 2 , c_{μτ} = −1 , c_{eμ} = −c_{eτ} = 1 . 5.4 Dominant μτ-block

Let us take, at the scale m_0, the matrix with dominant μτ-block [24]:

M_D = m

0 0 0 0 1 1 0 1 1

. (5.24)

It corresponds to the case of normal hierarchical mass spectrum (m_3 ≫ m_2 ≫ m_1).

The mass matrix required by phenomenology can be written as an expansion over the small parameters cos 2θ_{23}, sin θ_{13} and r ≡ √ Δm^2_{sol}/Δm^2_{atm} [19]:

M^{ph}(m_Z ) ≈ m_3 2 0 0 0 . . . 1 1 . . . . . . 1 + cos 2θ23

0 0 0 . . . −1 0 . . . . . . 1 + (5.25)

+ sin θ_{13}e^{iδ} 0 √ 2 √ 2 . . . 0 0 . . . . . . 0 + re^{2iσ} 2s^2_{12} √ 2s_{12}c_{12} − √ 2s_{12}c_{12} . . . c^2_{12} −c^2_{12} . . . . . . c^2_{12} ,

where δ is the CP violating Dirac phase and σ is the CP violating relative Majorana phase between m_2 and m_3.

Let us discuss, first, the effect of SM (MSSM) radiative corrections to the matrix (5.24). Using eq. (3.6), one sees that e-row elements remain zero along the RGE running. It is a consequence of eq. (3.3). In contrast, SM (MSSM) corrections to μτ-block elements are

– 15 – present. These corrections induce a small deviation from θ_{23} = π/4, which can be easily computed using eq. (3.6):

cos 2θ_{23} = (ϵ_μ − ϵ_τ )k + O(ϵ^2) .

The first neutrino remains massless and unmixed. Also m_2 remains zero because the determinant of the μτ-block is zero even after the inclusion of radiative corrections. Therefore, the solar mass difference and mixing angle are not generated radiatively.

Let us consider, now, the effect of non-standard radiative corrections. Using the dominant matrix (5.24), the matrix of corrections, given by eq. (5.4), is:

M_{rad} = m

0 λ_1 λ_1 . . . 2λ_2 λ_2 + λ_3 . . . . . . 2λ_3 . (5.26)

where, using the definitions in eq. (5.5),

λ_1 = λ(X_{eμ} + X_{eτ} ) , λ_2 = λ(X_{μμ} + X_{μτ} ) , λ_3 = λ(X_{τ μ} + X_{τ τ} ) .

The eq. (5.4) implies that a given element M_{αβ} receives corrections proportional only to elements in the α and β rows of M_D. Since the first row and column in eq. (5.24) are zero, the element M_{ee} remains zero. Corrections to M_{eμ} and M_{eτ} are equal. The matrix M = M_D + M_{rad} has a zero eigenvalue, so that strong normal hierarchy is preserved by radiative corrections.

Comparing the matrix of radiative corrections (5.26) with the phenomenological matrix (5.25), we find that the atmospheric angle gets a deviation from π/4 and the angle θ_{13} becomes non-zero:

cos 2θ_{23} ≈ λ_3 − λ_2 , sin θ_{13} ≈ λ_1 e^{−iδ} √ 2 . (5.27)

A problem appears with the generation of solar parameters, because the structure of the term proportional to r in eq. (5.25) (let us call it M^{sol}) differs from the structure (5.26) of radiative corrections:

M^{sol}_{ee} ≠ 0 , M^{sol}_{eμ} = −M^{sol}_{eτ} , M^{sol}_{μτ} = −M^{sol}_{μμ} = −M^{sol}_{τ τ} ,

whereas M^{rad}_{ee} = 0 , M^{rad}_{eμ} = M^{rad}_{eτ} , M^{rad}_{μτ} = 1 2 (M^{rad}_{μμ} + M^{rad}_{τ τ} ) .

In fact, computing the eigenvalues of M = M_D + M_{rad}, one finds that r is of order λ^2_i :

r ≡ m_2 m_3 ≡ √ Δm^2_{sol} Δm^2_{atm} ≈ λ^2_1 + (λ_2 − λ_3)^2/2 2 . (5.28)

To satisfy the lower bound (99% C.L.) on r, which is ∼ 0.1 (LMA), one needs λ_i ≳ 0.2÷0.3. In other words, LMA solar mass difference can be generated only if radiative corrections are ∼ 10 times larger than in the MSSM with large tan β.

– 16 –

The equalities M_{ee} = 0 and M_{eμ} = M_{eτ} (= mλ_1) in eq. (5.26) lead to the following general relations between observables [19]:

c^2_{12} =

1 + r 2r (1 − sin 2θ_{23}) , tan θ_{13} = s_{12} √ r , sin δ = 0 , σ = π 2 . (5.29)

The first equality in (5.29) shows that the LMA solar mixing angle can be obtained only if atmospheric mixing deviates significantly from maximal value and if r is substantially smaller than the present best fit value. The equality can be satisfied taking 99% C.L. allowed intervals for θ_{12}, θ_{23} and r. The other equalities in (5.29) show that the radiative corrections (5.26) give s_{13} close to the present upper bound ∼ 0.2 and lead to CP conservation in oscillations and to opposite CP parity between m_2 and m_3.

We have shown that, using the form (5.26) of corrections, the predictions for Δm^2_{sol} and θ_{12} are too small with respect to phenomenological values. However, the corrections related to the second term in square brackets of eqs. (4.8), (4.11) have qualitatively different features and can give better predictions for the solar parameters. In particular, a non-zero M_{ee} can be generated by these corrections.

For example, let us consider the interaction in eq. (4.2). The β-function coefficients are, in this case, k^{(1)}_Y = 1/2 and k^{(2)}_Y = 1. The matrix of couplings Y is antisymmetric, therefore the matrix of corrections ΔM^Y (see eq. (4.8)) depends on three independent couplings only: Y_{eμ}, Y_{eτ} and Y_{μτ} . We want to compare M(m_Z ) ≡ M_D + ΔM^Y with the phenomenological mass matrix (5.25) (we neglect, for simplicity, the charged lepton rotation U_l). The equality of the two matrices can be realized for sin θ_{13} = cos 2θ_{23} = 0 and m = m_3 2 + m_2 2 , λY^2_{eμ} = λY^2_{eτ} = rs^2_{12}e^{2iσ} 4(1 − r)

, λY^2_{μτ} = rc^2_{12}e^{2iσ} 2(1 − r)

, (5.30)

where λ is defined in eq. (5.5).

Notice that, while the form (5.26) of corrections predicts r of order λ^2_i , here r is of order λ_i. Therefore, ∼ 10% radiative corrections are enough to generate radiatively Δm^2_{sol}. Such corrections can be produced if three generations of new particles (e.g., three scalar singlets) are introduced. As follows from eq. (5.30), also the solar mixing angle θ_{12} can be generated radiatively (in the LMA allowed range).

6. Discussion and conclusions

The structure of the Majorana neutrino mass matrix can be reconstructed, using experimental data, at the electroweak scale m_Z . This structure changes with RGE running to the high energy scale m_0. We have analyzed the features of the running between the two scales.

The SM (MSSM) radiative corrections do not modify the matrix structure. In flavor basis, the value of each matrix element at m_Z is proportional to the one at m_0. Moreover, the corrections to this value cannot be larger than few percents. Therefore, both the dominant structure of the mass matrix and the small matrix elements are not modified significantly between m_0 and m_Z . Zero elements remain zero.

– 17 –

At the same time SM and MSSM corrections can change significantly observables: corrections can enhance or suppress mixing, modify strongly Δm^2 or even generate mass split. Substantial change of observables occurs for the quasi-degenerate spectrum, with common scale of neutrino mass m ≳ 0.1 eV.

We have studied the radiative effects induced by new particles and interactions at a scale m_X , with m_Z < m_X < m_0. These non-standard (flavor changing) corrections lead to coupled RGE’s of different matrix elements. As a consequence, small tree-level elements get corrections proportional to the large matrix elements. We have considered non-standard corrections induced by new scalar bosons, new fermions and new gauge bosons.

In all cases, the dominant structure of the mass matrix remains the same between m_Z and m_0. Therefore, if the matrix structure at m_0 is determined by some symmetry, this symmetric structure can be identified from the experimental data at m_Z . However, the values of small elements can be strongly modified. We show that small elements of hierarchical matrices can be zero at the scale m_0 and receive non-zero contributions from radiative corrections. At the high mass scale, only the dominant block elements can be non-zero.

In the case of exactly degenerate neutrino masses, small (∼ (0.1 ÷ 1)%) corrections to zero elements can generate large mixing angles and mass squared differences in the range required by phenomenology, both for solar and atmospheric neutrinos. We have shown, in particular, that the unit matrix can be the exact form of the neutrino mass matrix at m_0.

In the case of inverted hierarchy, the structure with zero eμ and eτ elements at m_0 can lead to correct predictions for low energy solar parameters, if 1% non-standard corrections are present.

In the case of normal hierarchical neutrino masses, we have studied the matrix with dominant μτ-block. Solar mass squared difference and mixing angle can get large renormalization effects. To generate a mass difference in the LMA region, one needs 10% radiative corrections.

Acknowledgments

We would like to thank G. Senjanovic for useful discussions. M. F. thanks also S. Bertolini and D. Perini for many comments and clarifications. The work of M. F. is supported in part by the Italian MIUR under the program “Fenomenologia delle Interazioni Fondamentali”.

References

[1] Super-Kamiokande collaboration, T. Toshito, Super-Kamiokande atmospheric neutrino results, hep-ex/0105023;

SuperKamiokande collaboration, M. Shiozawa, Experimental results on atmospheric neutrinos in Super-Kamiokande-I, talk given at the Neutrino 2002 Conference, Munich; Super-Kamiokande collaboration, S. Fukuda et al., Solar b-8 and he p neutrino measurements from 1258 days of super-kamiokande data, Phys. Rev. Lett. 86 (2001) 5651 [hep-ex/0103032];

– 18 –

Super-Kamiokande collaboration, S. Fukuda et al., Constraints on neutrino oscillations using 1258 days of super-Kamiokande solar neutrino data, Phys. Rev. Lett. 86 (2001) 5656 [hep-ex/0103033];

Super-Kamiokande collaboration, S. Fukuda et al., Determination of solar neutrino oscillation parameters using 1496 days of super-Kamiokande-I data, Phys. Lett. B 539 (2002) 179 [hep-ex/0205075];

SNO collaboration, Q.R. Ahmad et al., Measurement of the charged current interactions produced by^8B solar neutrinos at the Sudbury Neutrino Observatory, Phys. Rev. Lett. 87 (2001) 071301 [nucl-ex/0106015];

SNO collaboration, Q.R. Ahmad et al., Direct evidence for neutrino flavor transformation from neutral-current interactions in the Sudbury Neutrino Observatory, Phys. Rev. Lett. 89 (2002) 011301 [nucl-ex/0204008];

SNO collaboration, Q.R. Ahmad et al., Measurement of day and night neutrino energy spectra at SNO and constraints on neutrino mixing parameters, Phys. Rev. Lett. 89 (2002) 011302 [nucl-ex/0204009];

KamLAND collaboration, K. Eguchi et al., First results from Kamland: evidence for reactor anti-neutrino disappearance, Phys. Rev. Lett. 90 (2003) 021802 [hep-ex/0212021]; CHOOZ collaboration, M. Apollonio et al., Limits on neutrino oscillations from the Chooz experiment, Phys. Lett. B 466 (1999) 415 [hep-ex/9907037].

[2] H.V. Klapdor-Kleingrothaus et al., Latest results from the heidelberg-moscow double-beta-decay experiment, Eur. Phys. J. A12 (2001) 147 [hep-ph/0103062]; H.V. Klapdor-Kleingrothaus, Information about the neutrino mass matrix from double beta decay, hep-ph/0103074;

IGEX collaboration, C.E. Aalseth et al., The Igex^{76}Ge neutrinoless double-beta decay experiment: prospects for next generation experiments, Phys. Rev. D 65 (2002) 092007 [hep-ex/0202026].

[3] J. Bonn et al., The Mainz neutrino mass experiment, Nucl. Phys. 91 (Proc. Suppl.) (2001) 273.

[4] P.H. Chankowski and Z. Pluciennik, Renormalization group equations for seesaw neutrino masses, Phys. Lett. B 316 (1993) 312 [hep-ph/9306333];

K.S. Babu, C.N. Leung and J. Pantaleone, Renormalization of the neutrino mass operator, Phys. Lett. B 319 (1993) 191 [hep-ph/9309223].

[5] S. Antusch, M. Drees, J. Kersten, M. Lindner and M. Ratz, Neutrino mass operator renormalization revisited, Phys. Lett. B 519 (2001) 238 [hep-ph/0108005].

[6] P.H. Chankowski and S. Pokorski, Quantum corrections to neutrino masses and mixing angles, Int. J. Mod. Phys. A 17 (2002) 575 [hep-ph/0110249].

[7] J.R. Ellis and S. Lola, Can neutrinos be degenerate in mass?, Phys. Lett. B 458 (1999) 310 [hep-ph/9904279].

[8] J.A. Casas, J.R. Espinosa, A. Ibarra and I. Navarro, General RG equations for physical neutrino parameters and their phenomenological implications, Nucl. Phys. B 573 (2000) 652 [hep-ph/9910420].

[9] M. Tanimoto, Renormalization effect on large neutrino flavor mixing in the minimal supersymmetric standard model, Phys. Lett. B 360 (1995) 41 [hep-ph/9508247]; J.A. Casas, J.R. Espinosa, A. Ibarra and I. Navarro, Naturalness of nearly degenerate neutrinos, Nucl. Phys. B 556 (1999) 3 [hep-ph/9904395];

– 19 –

J.A. Casas, J.R. Espinosa, A. Ibarra and I. Navarro, Nearly degenerate neutrinos, supersymmetry and radiative corrections, Nucl. Phys. B 569 (2000) 82 [hep-ph/9905381]; N. Haba and N. Okamura, Stability of the lepton-flavor mixing matrix against quantum corrections, Eur. Phys. J. C 14 (2000) 347 [hep-ph/9906481];

K.R.S. Balaji, A.S. Dighe, R.N. Mohapatra and M.K. Parida, Generation of large flavor mixing from radiative corrections, Phys. Rev. Lett. 84 (2000) 5034 [hep-ph/0001310]; N. Haba, Y. Matsui and N. Okamura, The effects of Majorana phases in three-generation neutrinos, Eur. Phys. J. C 17 (2000) 513 [hep-ph/0005075];

W. Grimus and L. Lavoura, A neutrino mass matrix with seesaw mechanism and two-loop mass splitting, Phys. Rev. D 62 (2000) 093012 [hep-ph/0007011]; A.S. Joshipura, Radiative origin of solar scale and U_{e3}, Phys. Lett. B 543 (2002) 276 [hep-ph/0205038];

S.-H. Chang and T.K. Kuo, Renormalization invariants of the neutrino mass matrix, Phys. Rev. D 66 (2002) 111302 [hep-ph/0205147];

T. Miura, T. Shindou and E. Takasugi, Exploring the neutrino mass matrix at M_R scale, Phys. Rev. D 66 (2002) 093002 [hep-ph/0206207];

G. Bhattacharyya, A. Raychaudhuri and A. Sil, Can radiative magnification of mixing angles occur for two zero neutrino mass matrix textures?, hep-ph/0211074.

[10] S. Antusch, J. Kersten, M. Lindner and M. Ratz, Neutrino mass matrix running for non-degenerate see-saw scales, Phys. Lett. B 538 (2002) 87 [hep-ph/0203233]; S. Antusch, J. Kersten, M. Lindner and M. Ratz, The LMA solution from bimaximal lepton mixing at the GUT scale by renormalization group running, Phys. Lett. B 544 (2002) 1 [hep-ph/0206078];

S. Antusch and M. Ratz, Radiative generation of the LMA solution from small solar neutrino mixing at the GUT scale, J. High Energy Phys. 11 (2002) 010 [hep-ph/0208136].

[11] E.J. Chun and S. Pokorski, Slepton flavour mixing and neutrino masses, Phys. Rev. D 62 (2000) 053001 [hep-ph/9912210];

P.H. Chankowski, A. Ioannisian, S. Pokorski and J.W.F. Valle, Neutrino unification, Phys. Rev. Lett. 86 (2001) 3488 [hep-ph/0011150];

P.H. Chankowski and P. Wasowicz, Low energy threshold corrections to neutrino masses and mixing angles, Eur. Phys. J. C 23 (2002) 249 [hep-ph/0110237].

[12] J.A. Casas, J.R. Espinosa and I. Navarro, New supersymmetric source of neutrino masses and mixings, Phys. Rev. Lett. 89 (2002) 161801 [hep-ph/0206276].

[13] S.T. Petcov and A.Y. Smirnov, Neutrinoless double beta decay and the solar neutrino problem, Phys. Lett. B 322 (1994) 109 [hep-ph/9311204].

[14] S. Weinberg, Baryon and lepton nonconserving processes, Phys. Rev. Lett. 43 (1979) 1566;

Varieties of baryon and lepton nonconservation, Phys. Rev. D 22 (1980) 1694.

[15] M. Gell-Mann, P. Ramond and R. Slansky, Complex spinors and unified theories, in Supergravity, P. van Nieuwenhuizen and D. Z. Freedman ed., North Holland, Amsterdam 1979, p. 315;

T. Yanagida,Horizontal symmetry and masses of neutrinos, in proc. of the Workshop on the Unified Theory and Baryon Number in the Universe, O. Sawada and A. Sugamoto eds., KEK report 79-18, 1979, p. 95, Tsukuba, Japan;

R.N. Mohapatra and G. Senjanovic, Neutrino mass and spontaneous parity nonconservation, Phys. Rev. Lett. 44 (1980) 912.

– 20 –

[16] R.N. Mohapatra and G. Senjanovic, Neutrino masses and mixings in gauge models with spontaneous parity violation, Phys. Rev. D 23 (1981) 165;

J. Schechter and J.W.F. Valle, Neutrino masses in SU(2) × U(1) theories, Phys. Rev. D 22 (1980) 2227;

C. Wetterich, Neutrino masses and the scale of B-L violation, Nucl. Phys. B 187 (1981) 343; G.B. Gelmini and M. Roncadelli, Left-handed neutrino mass scale and spontaneously broken lepton number, Phys. Lett. B 99 (1981) 411;

E. Ma and U. Sarkar, Neutrino masses and leptogenesis with heavy Higgs triplets, Phys. Rev. Lett. 80 (1998) 5716 [hep-ph/9802445].

[17] A.S. Dighe and A.S. Joshipura, No-go for exactly degenerate neutrinos at high scale?,

hep-ph/0010079.

[18] A.S. Joshipura, S.D. Rindani and N.N. Singh, Predictive framework with a pair of degenerate neutrinos at a high scale, hep-ph/0211378;

A.S. Joshipura and S.D. Rindani, Radiatively generated ν_e oscillations: general analysis, textures and models, hep-ph/0211404.

[19] M. Frigerio and A.Y. Smirnov, Structure of neutrino mass matrix and CP-violation, Nucl.

Phys. B 640 (2002) 233 [hep-ph/0202247].

[20] M. Frigerio and A.Y. Smirnov, Neutrino mass matrix: inverted hierarchy and CP-violation, Phys. Rev. D 67 (2003) 013007 [hep-ph/0207366].

[21] C.D. Froggatt and H.B. Nielsen, Hierarchy of quark masses, Cabibbo angles and CP-violation, Nucl. Phys. B 147 (1979) 277.

[22] M.B. Green and J.H. Schwarz, Anomaly cancellation in supersymmetric D = 10 gauge theory and superstring theory, Phys. Lett. B 149 (1984) 117.

[23] P.H. Frampton, S.L. Glashow and D. Marfatia, Zeroes of the neutrino mass matrix, Phys.

Lett. B 536 (2002) 79 [hep-ph/0201008].

[24] F. Vissani, Large mixing, family structure and dominant block in the neutrino mass matrix, J. High Energy Phys. 11 (1998) 025 [hep-ph/9810435];

J. Sato and T. Yanagida, Low-energy predictions of lopsided family charges, Phys. Lett. B 493 (2000) 356 [hep-ph/0009205];

F. Vissani, Expected properties of massive neutrinos for mass matrices with a dominant block and random coefficients order unity, Phys. Lett. B 508 (2001) 79 [hep-ph/0102236].

[25] S.M. Bilenky, C. Giunti, J.A. Grifols and E. Masso, Absolute values of neutrino masses:

status and prospects, hep-ph/0211462, and references therein.

[26] K.S. Babu, E. Ma and J.W.F. Valle, Underlying A_4 symmetry for the neutrino mass matrix and the quark mixing matrix, Phys. Lett. B 552 (2003) 207 [hep-ph/0206292]; E. Ma, Plato’s fire and the neutrino mass matrix, Mod. Phys. Lett. A 17 (2002) 2361 [hep-ph/0211393].

– 21 –